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Abstract 
Joint structure seems well suited to the functional needs of the various animals who excel at running, digging, 
swimming, and other activities, but there is little evidence to suggest that variation in joint structure among humans 
determines function.  We present experimental measurements made in human sprinters and non-sprinters, including 
measurements of tendon excursion from ultrasound imaging and bone geometry from magnetic resonance imaging, 
that suggest differences in ankle joint anatomy between these two groups.  The functional significance of these 
morphological differences is explored using non-periodic forward dynamic simulation of a sprinter’s initial 
acceleration. 
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1. Introduction
The best animal sprinters demonstrate a remarkable ability to rapidly accelerate from rest to top speed.
The cheetah, for example, can be sprinting at 100 km h-1 only 3 s after a standing start.  The same is true 
for human sprinters; it is the acceleration during the first few strides that marks elite performance [1]. 
Such rapid acceleration occurs because muscles do work upon the body’s center of mass to propel it 
forward by generating and maintaining forward-directed ground reaction forces during stance.  The 
animals that do this most effectively, like the cheetah, tend to have longer toes and metatarsals and a 
shorter plantarflexor moment arm (pfMA) than are found in less capable sprinters of similar size [2]. 
These differences contribute to the cheetah having a large “gear ratio” (ratio of the ground reaction force 
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moment arm to the moment arm of the plantarflexor about the ankle), which enables the plantarflexors to 
operate at a lower shortening velocity and thus maintain muscle force production near toe-off [3,4]. 
Recent studies of the energetics and anatomy of human distance runners have suggested that running 
economy may be influenced by within-species variation in foot ankle structure.  The most energy-efficient 
distance runners may do less work with their toe flexors with each step by virtue of having shorter toes [5] 
that give the ground reaction force less of a lever arm for the toe flexors to work against.  In addition, 
there may exist a negative correlation between running economy and the length of the heel [6,7] that also 
conserves energy by reducing pfMA.  With a smaller lever arm, the muscles that insert on the Achilles 
tendon must generate larger forces and thus stretch the tendon to a greater extent, storing energy in early 
stance that will be returned in late stance. 
In contrast to elite distance runners, great sprinters should not be conserving energy but trying to spend 
it as fast as possible, albeit in useful ways that propel the body forward.  Previous work in our laboratory 
[8] suggests that forward propulsion in human sprinters also may benefit from specific variations in foot 
and ankle anatomy.  We found sprinters to have longer toes and shorter pfMA than height-matched non-
sprinters.  Because pfMA was estimated from measurements of tendon excursion made using ultrasound 
imaging, it is unclear whether those measurements were affected by differences in tendon compliance 
between the two groups.  Toe lengths in that study were taken from external measurements made from the 
first metatarsal head to the end of the great toe, and the extent to which these measurements were affected 
by errors in identifying bony landmarks or by differences in soft tissue thickness is not clear. 
Computer simulation is a promising tool that may be used to answer the question of whether 
differences in foot and ankle anatomy such as those described above are causally related to differences in 
performance as opposed to following from training.  Walking and running have been simulated with a 
wide variety of models that range from highly complex muscle-driven models [9] to very simple passive 
models [10].  Common to nearly all of these simulations has been the periodicity of the motion.  The 
periodic nature of steady-state gait permits simulation of a single stride (or half of a stride if right/left 
symmetry is assumed).  Gaits such as sprinting from rest or initiation of a walking gait before a steady 
state is reached, however, are necessarily non-periodic.  The purpose of this study is to develop a 
computer simulation of first steps of a non-periodic gait optimized for traversing a specified distance in 
minimum time. 
The twofold purpose of this study was (1) to make further experimental measurements of differences in 
the structure of the foot and ankle between sprinters and non-sprinters; and (2) to develop a modeling 
paradigm that will be used in future studies to study how structure determines function in sprinting.  In the 
experimental part of the study, we performed magnetic resonance (MR) imaging of the Achilles tendon 
and the bones of the foot to determine whether the foot and ankle structure of trained sprinters differs 
from that of non-sprinters.  We hypothesized that sprinters would have longer phalanges and metatarsals 
but have shorter pfMA than those of non-sprinters.  In the modeling part of the study, we sought to create 
a forward dynamic simulation in which a biped covered a specified distance in minimum time and starting 
from rest. 
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Nomenclature 
pfMA plantarflexor moment arm 
LPP1 length of the first proximal phalanx 
LDP1 length of the first distal phalanx 
LMT1 length of the first metatarsal 
LR1 length of the first ray, (LPP1 + LDP1 + LMT1)
P1 compressive force applied at prismatic joint on first leg 
P2 compressive force applied at prismatic joint on second leg 
l1 length of first leg 
l2 length of second leg 
T angle between first leg and vertical 
I angle between second leg and vertical
k stiffness of leg spring 
b damping coefficient of leg damper 
x horizontal position of point mass at the hip 
y vertical position of point mass at the hip 
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2. Methods: Magnetic Resonance Imaging 
Achilles tendon moment arms and the lengths of foot bones were measured in seven trained sprinters 
(mean 100 m time of 10.82 ± 0.20 s, 6.6 ± 3.0 y of sprint training) and seven height-matched non-
sprinters (see Table 1 for subject characteristics).  Sagittal-plane images of the foot and ankle were made 
with a 3T Siemens MR scanner (Siemens; Erlangen, Germany) at 15° dorsiflexion, neutral position, and 
15° plantarflexion.  Subjects were positioned supine on the scanner bed with the knee flexed to 30°.  Each 
scan required 5 s, during which time the subjects isometrically co-contracted their ankle muscles.  
Moment arm was defined to be the shortest distance between the center of tibiotalar rotation obtained 
from the 15° dorsiflexion and 15° plantarflexion images using a modified Reuleaux method similar to 
that implemented by Maganaris et al. [11] (Figure 1).  The lengths of the first distal phalanx (LDP1), the 
first proximal phalanx (LPP1), and the first metatarsal (LMT1) were measured from quasi-sagittal-plane 
images reconstructed from the three-dimensional MR image data set using OsiriX Viewer (Atlanta, 
Georgia, USA).  The lengths of the phalanges were summed to obtain first toe length and LMT1 was 
added to first toe length to obtain the length of the first ray (LR1). 
Differences between sprinter and non-sprinter means were assessed using two-tailed, unpaired t-tests 
for each variable. 
Fig. 1.  Phalangeal lengths, metatarsal lengths, and plantarflexor moment arm were measured from sagittal-plane MR images. 
3. Methods: Simulation of the Acceleration Phase of Sprinting 
The use of spacetime constraints [3,4] may be especially well suited to determination of an optimal 
solution in a simulation of several non-periodic steps. The problem formulation with spacetime 
constraints has three main components: (1) mechanical structure that defines geometry, model topology, 
inertial properties, etc.; (2) constraints on the desired motion, for example, prescribed initial and final 
conditions, step length, or maximum speed; and (3) constraints that set limits on physical structure, 
energetics, and Newton's laws that form constraints that specify a physically valid solution [3].  Taking 
these constraints into account, the generalized positions, velocities q(t), and controls u(t) are determined 
that minimize an objective function min f(q,u); with the constraints h(q,u) as a nonlinear programming 
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problem (NLP).  Such an approach was used in the present study to simulate a non-periodic gait with the 
objective of traversing a specified distance in minimum time. 
The model used in the simulation (Figure 2) was composed of the following elements: a point mass at 
the hip; damped, compliant, and massless legs with telescoping axial actuators; and point feet (each with 
a mass that was small compared to point mass at hip). Telescoping axial actuators apply compressive 
forces (P1 and P2) necessary for foot clearance and the torque (T) around the hip is essential for swing of 
legs. The ground was modeled as a viscoelastic medium. 
Using spacetime constraints, the optimal control problem of traversing a specified distance in 
minimum time from rest was transformed to a NLP problem.  The variables of the problem are the 
generalized positions ( ), generalized speeds ( ), and controls ( )
discretized at each node (the time span was segmented into n equal intervals).  The final time of 
simulation is another parameter of the problem and final time served as the objective function to be 
minimized as well (for a total 15n + 1 variables). The initial conditions were imposed as linear constraints 
and dynamics of the model (equations of motion obtained via Lagrangian method) were imposed as 
nonlinear constraints.  Having formulated the NLP, a gradient-based optimization algorithm (direct 
interior point) was applied to the problem.  MATLAB was the simulation platform and the KNITRO 
library for solving large scale optimization problems was used to solve the NLP.  Outputs of a forward 
simulation (forward integration with variable time step using MATLAB ode113) in which the controls 
were edited heuristically were used as an initial guess. 
Fig. 2.  The model used in the simulation. The legs were massless and telescoping to permit toe clearance. 
4. Results and Discussion: Differences in Foot and Ankle Structure 
The phalanges, metatarsals, and first rays of sprinters were longer on average than those of non-
sprinters (Table 1).  First rays of sprinters were 8 mm, or 6.5%, longer than those of non-sprinters (p = 
0.018) and this difference was equally attributable to differences in the lengths of the metatarsals and the 
combined phalanges.  Achilles tendon moment arms of sprinters were 4 mm (6.8%) shorter on average 
than the moment arms of non-sprinters, but this difference was found to be significant only at the D=0.10 
level (p = 0.096) in our two-tailed tests.  The ratio of first ray length to pfMA, a quantity similar to the 
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  Sprinters Non-sprinters p-value 
stature Cm 175.9 ± 0.6 175.6 ± 0.6 0.931 
body mass kg 76.3 ± 7.9 82.0 ± 8.9 0.226 
age y 21.2 ± 2.7 23.8 ± 2.7 0.099*
foot length cm 27.3 ± 1.2 27.3 ± 0.9 0.960 
LPP1 + LDP1 cm 6.0 ± 2.1 5.6 ± 2.7 0.007***
LMT1 cm 7.0 ± 2.2 6.6 ± 4.0 0.068*
LR1 cm 13.0 ± 1.2 12.2 ± 6.2 0.018**
pfMA cm 5.5 ± 0.4 5.9 ± 0.6 0.096*
LR1 : pfMA 1 2.4 ± 0.2 2.1 ± 0.2 0.005***
(*** p < 0.01; ** p < 0.05; * p < 0.10) 
gear ratio described in previous studies was 14.2% greater for sprinters than non-sprinters (p = 0.005).  
Heel-to-toe foot lengths were nearly identical between the two groups (p = 0.960). 
Table 1. Mean differences between groups. 
5. Results and Discussion: Simulation of a Non-Periodic Gait 
The optimization was successful in that it resulted in a minimum-time solution that traversed the 
required 2 m distance using seven non-periodic steps.  The initial guess required 2.84 s to move 2 m; 
following optimization the same distance was covered in 2.14 s (Figure 3).  Interestingly, the optimal 
solution included a forward “dive” at the end that was not present in the initial guess (Figure 4).  This 
preliminary simulation of sprinting will be developed into a simulation in which a model incorporating 
joints is made to sprint a longer distance so that the influence of joint structure on sprinting ability may be 
investigated. 
Fig. 3.  The horizontal position of the hip mass before and after optimization 
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Fig. 4.  Following optimization, the model took seven steps and concluded with a “dive” across the finish line at x = 2 m.  
6. Conclusion 
The differences in foot and ankle structure between sprinters and non-sprinters found in the present 
work are similar to those found in our previous study [8], but the difference in moment arms was less 
substantial, about 7% different as opposed to 25%.  This disparity may be due to the estimation of 
moment arm as a geometric distance between the center of ankle rotation and the tendon.  It is possible 
that our previous measurements of tendon excursion were affected by stretching of the tendon that 
occurred during measurement of tendon excursion.  Similar differences in toe length were found in the 
present study, with sprinters having toes that were 5%-10% longer than height-matched non-sprinters. 
Our successful simulation of non-periodic steps at the start of a sprint will form the basis for future 
simulations using more complex models that will permit analysis of the advantages conveyed to sprinters 
by the measured differences in foot and ankle anatomy.  We are presently at work adding feet, ankles, and 
ankle muscles to the model shown in Figure 2, and we plan to use the resulting simulation to perform 
sensitivity studies to establish the dependence of sprint performance upon variation in pfMA and toe 
length. 
Establishing links between foot and ankle structure and function is important not only for 
understanding the determinants of sprint performance but for identifying naturally-occurring structural 
variations that may contribute to movement abnormalities or age-related loss of mobility.  The 
mechanisms by which limb and joint structure affect performance in such cases is likely to be different 
from that which determines sprint performance, and we anticipate that simulations will be similarly 
valuable in characterizing structure-function relationships in these other populations.  Also of interest in 
future studies will be determining whether such variations in limb and joint structure in athletes are 
adaptations to training or innate characteristics that contribute to elite athletic performance. 
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